Abstract-The effect of misalignment in the weighted, overlapped segment averaging method used for estimating time delay is investigated. With nonwhite input, it is shown that the phase of the cross spectrum and the location of the peak in the cross correlator are biased.
INTRODUCTION
Misalignment is caused by an unknown time delay, which is to be estimated in, for instance, localization or positioning problems.
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0096-35 181861 1200-1662$01.00 O 1986 IEEE Specifically, the effect of misalignment on estimates of cross spectrum, cross correlation, and time delay in the weighted, overlapped segment averaged method is investigated. One has available T-long segments of the input signals, and the delay D causes misalignment by reducing the overlap of the inputs to T-D. The results reported here extend the results of Schmidt [I] , [2] to time delay estimation and nonwhite input spectra. One has been aware of misalignment effects on coherence since the 1960's [3] , and the bias caused by white signals and rectangular time windowing has been given [4] - [6] . This result has also been extended to arbitrary windows [2] , [7] . In the white noise case, the phase of the cross spectrum and the location of the peak in the cross correlation are not affected by misalignment [6] , [2] . But with nonwhite input this is no longer true [8] . Examples of this bias are given here.
The weighted, overlapped segment averaging method consists of the following steps 191. Each of the input sequences, x(t) and y(t), is divided into segments, multiplied by a data window w(t), Fourier transformed, and the products of the transforms are averaged over all segments. The expected values of cross spectrum and generalized cross correlation estimates are then
The filter weight Q( f ), with its inverse transform q(r), is chosen according to an optimizing criterion for time delay estimation [lo] . (5) Second, we will assume nonwhite input processes. Fig. 1 shows an example of the expected value of the cross correlation (2) with q(r) = 6(r). The true cross correlation is exponential and centered at a relative delay of 0.25. It is shown together with the normalized autocorrelation of the Hanning window [2] . Since the correlation is no longer an impulse, the effect of the multiplication is first to shift the peak to a value closer to zero. Second, the symmetry of the correlation is lost. This implies that the phase of the cross spectrum is no longer a linear function of frequency. These two effects depend on the signal's correlation and on the data window used for processing. Some examples will illustrate the change in phase and the shift of the peak.
The following results were computed for a signal with autocorrelation exp (-aIrl), which has a low-pass-type spectrum with 3 dB cutoff at w = a . All examples are for a cutoff frequency of 10 percent of the sampling frequency. The spectrum falls off with 20 dBIdecade and Is typical of underwater acoustics ambient noise. Fig. 2 shows the phase bias when the misalignment is 25 percent of the block length. The phase is less than the value caused by delay alone and the maximum bias is approximately at the frequency of the spectrum's peak. The bias is reduced when the rectangular window is used instead of Hanning, and some oscillations are introduced [8]. Schmidt [2] explains why the Hanning window gives the largest bias in the coherence estimate for relative delays above 16.5 percent by looking at the size of the overlap. The same explanation might apply here. The rectangular window also gives the smallest bias in the time delay estimate (Fig. 3) . With nonwhite inputs, it is common to apply a filter weight and estimate the time delay from the peak of the generalized cross correlation (2). The filter is found from the spectral estimates and in order to avoid spectral leakage, one employs time windowing like Hanning in time delay estimation 191. The filter oftens whitens the spectrum, and since the phase error is largest where the spectrum is large, this will reduce the effect of misalignment on the delay estimate. An estimate which gives equal weight to all frequencies is a linear line forced through a zero intercept, least squares fitted to the phase of the cross spectrum [ I I]. In Fig. 3 , this result is also shown and the error is reduced to about 10 percent. The smoothed coherence transform and the maximum likelihood method [lo] were tried with comparable results. It has been observed with Hanning windowing, that both the delay bias and the maximum error in the phase are approximately proportional to the delay and inversely proportional to the blocklength squared. An experiment was conducted using a digital spectrum analyzer (Hewlett Packard H P 5420A). The analyzer has a fixed blocklength of 1024 samples, and a Hanning window was used. The same signal was applied to both inputs and one channel was delayed with 25 percent of the blocklength using the internal digital delay. The cross spectrum was measured for white noise sent through a 1st-order RC filter, designed to give a spectrum like the one in the previous section. The cross spectrum was also measured with white noise as input. Since this gives no phase bias, the phase of the result of dividing the two spectra is an estimate of the phase bias with nonwhite input. Fig. 4 shows the phase bias, except for the random errors (2048 averages) the bias is similar to the one cornputed in Fig. 2 . In that case, the maximum bias was -14.5 degrees and the blocklength 128 samples. Extrapolated from this one should expect a maximum error of -14.5 x 12811024 = -1.8 degrees.
This value corresponds well with Fig. 4 .
The effect of misalignment on estimates of time delay, cross spectrum phase, and generalized cross correlation found with the weighted, overlapped segment averaging method has been examined. A new result is that with nonwhite input, the phase of the cross spectrum and the location of the peak in the generalized cross correlation are biased. This bias affects the perf&ance of delay estimators based on the generalized cross correlator.
